Abstract. We define a linear map called a semiinvolution as a generalization of an involution, and show that any nilpotent linear endomorphism is a product of an involution and a semiinvolution. We also give a new proof for Djocović's theorem on a product of two involutions.
Introduction
Let V be an n-dimensional vector space over a field k of any characteristic. The k-algebra of k-linear endmorphisms of V is denoted by End k V , and the unit group of End k V is Aut k V . An element ξ ∈ Aut k V is called an involution if ξ 2 = 1, and two elements η, η ∈ End k V are said to be similar if η = η −1 for some ∈ Aut k V . An element σ ∈ End k V is nilpotent if σ n = 0 for some integer n 1.
Suppose that V is a direct sum of two subspaces, say,
Let H be a subspace of V having a basis Z = {x 1 , x 2 , . . . , x m , y m , . . . , y 2 , y 1 } of an even number of elements. Then an involution ∆ Z ∈ Aut k H is defined by
We shall call ∆ Z the transpose of Z or H. Our purpose is to prove the following two theorems, Theorems A and B.
Theorem A. For σ ∈ End k V , the following (a) and (b) are equivalent:
where {Z 1 , Z 2 } and {Z 0 , Z 1 , Z 2 } are two bases for V which satisfy the following condition (C): (C) Z 1 and Z 2 are expressed as Z 1 = {x 10 , x 20 , . . . , x r0 },
. . , y imi } and 1 i r + s, and for which Z 0 , Z 1 , Z 2 are expressed as
i.e., the first elements of X r+s , . . . , X 2 , X 1 ,
i.e., the first elements of Y r+1 , Y r+2 , . . . , Y r+s , and
and
Remark 1. Write n i = 2m i + 1 for 1 i r and n i = 2m i for r + 1 i r + s. By a rearrangement of {m i } we may assume that n 1 n 2 . . . n t for t = r + s. Then, by the definition of τ i and θ i in the proof for Theorem A, we shall see that {n i } are the invariants of σ. Thus, the involution τ and the semiinvolution θ in Theorem A are unique for σ up to similarity. Further, as we see in Theorem A, the relationship between τ and θ is given by the condition (C), more precisely τ determines θ.
